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LP ESTIMATES FOR A SINGULAR ENTANGLED QUADRILINEAR 

FORM 

POLONA DURCIK 


Abstract. We prove estimates for a continuous version of a dyadic quadrilinear form 
introduced by Kovac in [6]. This improves the range of exponents from the prequel [3] of 
the present paper. 


1. Introduction 

This article is a continuation of [3]. We are concerned with a quadrilinear singular 
integral form involving the entangled product of four functions on 

E(Fi,E2,F3,F4)(x,y,x',y') := Fi{x,y)F 2 {x',y)F:i{x',y')Fi{x,y'). 

For Schwartz functions Fj € 5(]R^), the form is given by 

A(Fi,F2,F3,F4) := [ F{^,r],-^,-r])m{C,r])d^drj, 

7R2 

where F := F{Fi, F 2 , F^, F 4 ) and m is a bounded function on smooth away from the 
origin. For all multi-indices a up to some large finite order it satisfied 

|9“m(e,r?)|<(|C| + |t?|)-H. 

In [3] it is shown that 

|A(Fi,F2,F3,F4)| < ||Fi||l4(]r2)||F2||l4(r2)||F3||l4(r2)||F4||l4(r2). (1.1) 

Our present goal is to prove LP estimates for A in a larger range of exponents. 

Theorem 1. For Fi, F 2 , F^, F 4 € the quadrilinear form A satisfies 

|A(Fi, F 2 , F 3 , ^ 4)1 <(pj) ||Fi||lpi(R2)||F2||lP2(R2)||F3||lP3(R2) ||F4||lP4(R2) 

whenever Yl^j=i ^ 2 < pj < 00 for all j. 

This theorem is a consequence of the restricted type estimates given by Theorem[3]below. 
By the decomposition performed in [3], it suffices to prove Theorem [1] for m reduced to a 
single cone in the frequency plane More precisely, it is enough to consider the form 

fOO P ^ -_ 

/ l^t F{f,,rj,-^,-y)ip('^l{t^)fi(^l{ty)(p<^-^^-tC)fi(-^){-trj)df,dr]— (1.2) 

Jo JR 2 t 

where ip^'^\x) = (1 -|- \u\)~‘^^ip{x — u) and ip^'"\x) = (1 -|- \v\)~^^'ip{x — v). The functions 
99 ,-0 G 5(M) are real-valued and is such that (Xj°° |V'(T)pdr/r)^/^ belongs to S(R), 
tt, u G M and pt are measurable coefficients with l/r^l < 1. We remark that the decomposition 
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^We write A < B if there is an absolute constant C > 0 such that A < CB. If P depends on a set of 
parameters P, we write A <p B. We write A ~ B if both A < B and B < A. 
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is not explicitly stated in this manner in [3], but it follows by a minor rephrasing of the 
arguments. The estimate for (ll.2p will be uniform in the parameters u, v. 

Since the integral of the Fourier transform of a Schwartz function over a hyperplane 
in equals the integral of the function itself over the perpendicular hyperplane, we can 
express the form (II.2p as 

fCO /• 

/ fit F lSl^p^~^'>]t{p,q,p,q)dpdq—, 

Jo Jm? ^ 

where (fi® ■ ■-0 fn){xi, ■ ■ ■ Xn) := fiixi)... fn{xn) and [/]t(xi,..., x„) := f x). We 
truncate in the scale t, that is, for iV > 0 we consider = A^^ ^ ^ ^ given by 

AJ^V’(^1’^2,T3,F4) := / fit F (g>'il;‘'-%{p,q,p,q)dpdq—, 

J 2 -N Jr 2 t 

which is well defined for bounded measurable functions Fj with finite measure support. We 

have the following analogue of Theorem [1] for A^^. 

Theorem 2. For bounded measurable functions Fi, F 2 , F^, F 4 with finite measure support, 
the quadrilinear form A;^^ satisfies the estimate 

|A^^(Ti,F 2 ,F 3 ,Ti)! <(p.) ||Ti||lpi(r2)||F2||lp2(r2)||T3||lp3(ir2)||F4||lp4(r2) (1.3) 

whenever Yl^j=i ^ ~ ^ 2 < pj < 00 for all j. 

The bound (II.3p is independent of N, u, v. Approximating Fj G 5 in with smooth 
compactly supported functions. Theorem [2] then implies Theorem [TJ By the multilinear 
interpolation and the restricted type theory discussed in m, Theorem [ 2 ] is a consequence 
of the following (generalized) restricted type estimates. 

Theorem 3. For j = 1,2,3,4, let Ej C be a set of finite measure. Let k be the largest 
index such that is maximal among the \Ej\. Then there exists a subset E'^ C with 
2\E'f,\ > \Ek\, such that for any four measurable functions Fj witl^ \Fj\ < Ie^ for all j and 
|Tfc| < Ir' we have the estimate 

|A^^^(Ti,F2,T3,F4)| < \E^r\E2r\E:,rW- 

whenever ^ “ 1/2 < OLj < 1/2 for all j. 

Negative exponents Oj correspond to quasi-Banach space estimates for the dual operators 
of A^^, for which one may consult | 10 ] . 

Assuming Theorem [H we now mention how to extend A to a bounded operator on 
X X LP3 X IjP'^ whenever pj are as in Theorem [1] If pj < 00 for all j, this follows by 
density of S in ITT If pj = 00 for some j, we argue by duality. Note that have at most one 
exponent equal to 00 . We sketch the argument when p^ = 00 , the other instances following 
by symmetry of the form. We know that there is an operator T mapping x x ifi to 
such that 

A(Fi,F2,F3,F4) = j T{Fi,F2,F^)Fi. 

We claim that for Fj G S, ||r(Ti, F 2 , F 3 )||li < ||Fi ||lpi ||T 2 ||lp 2 HTsUlps . Then A can be 
defined on 5 x 5 x 5 x L°° and density arguments yield a bounded extension on x x 
LP 3 X L°°. To see the claim we write 

||r(Fi,F2,F3)||Li([_M,MP) = j T{F^,F2,F^)d 


^By 1a we denote the characteristic function of a set A C K^. 
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where t? is a modulation times Then we approximate i? weakly in with smooth 

compactly supported functions having L°° norms uniformly bounded by 1. Applying The¬ 
orem [T] for the tuple {pi,p 2 ,P 3 ,oo) yields the assertion. 

Let us briefly comment on the form A. For more extensive motivation we refer to 
[3]. The instance of A which was first considered is the trilinear forirH Ai{Fi, F 2 , F 3 ) := 
A(Fi, F 2 , F 3 , 1). It was introduced by Demeter and Thiele [2]. This trilinear form can also 
be seen as a simpler version of the twisted paraproduct proposed by Camil Muscalu and 
sometimes one refers to it with that name as well. 

Boundedness of Ai was established by Kovac [ 6 ], who first investigated a dyadic model 
of A for a general function F 4 by an induction on scales type argument. See also [5]. 
This led to an estimate for a dyadic version of Ai whenever 2 < pi,P2,P3 < 00 and 
1/pi -|- l/p 2 + 1 /P 3 = 1- Then Kovac passed to the bound for Ai using the square functions 
of Jones, Seeger and Wright [1]. Bernicot’s fiber-wise Calderon-Zygmund decomposition 
[T] extended the range of exponents to 1 < pi,P3 < 00, 2 < p2 < 00. The transition to 
the continuous case and the extension of the exponent range both relied on the special 
structure arising from F 4 = 1 . 

For the quadrilinear form with a general fourth function, the estimate (II.ip was 
derived by adapting the induction of scales techique by Kovac to the continuous setting. 
In the present article we prove estimates in a larger range of exponents by extending his 
method to the continuous localized context. 

By a classical stopping time argument. Theorem [3] is reduced to estimating entangled 
forms of the type 

[ \F * <S) ® <S) i^^-%ip,q,p,q)\dpdq—. 

Jn i 

Here H is a certain local region in the upper half space with ’’regular” boundary. Controlling 
such objects with the technique from [ 6 ] requires an algebraic telescoping identity. In [3], 
its derivation relies on an identity involving the Fourier transform. The argument is of 
global nature and we cannot directly repeat it in the localized setting. 

We obtain the desired telescoping element in Proposition[ 8 ]in Section[2j To overcome the 
mentioned difficulty, we first restrict the functions Fj to certain projections of the region D. 
This allows us to discard the spatial localization of the form and proceed in the manner of 
[3]. The issue in the described process is then in estimating boundary terms, representing 
differences between local and global objects. This requires certain control of the boundary 
and is carried out in Lemma [ 6 ] and Lemma [7] below. Our approach has been inspired by 
Muscalu, Tao and Thiele [7j. 

To conclude we remark that in general we do not know of any arguments which could 
extend the range of exponents from Theorem [1] to pj < 2. 

Acknowledgement. I would like to express my sincere gratitude to my advisor Prof. 
Christoph Thiele for his guidance and support throughout this project. 

2. Local telescoping 

First let us set up some notation. A dyadic interval is a interval of the form [2^m, 2^{m + 
1)] for some k,m G Z. We denote the set of all dyadic intervals by X and the set of all 
dyadic intervals of length 2^ by A dyadic square is the Cartesian product of two dyadic 
intervals of the same length. For a dyadic square S we denote by £{S) its sidelength. We 
write V for the set of all dyadic squares and for the set of all dyadic squares of sidelength 

^In [5] we called this form T, not to be interchanged with the dual operator introduced above. 
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2^. Each 5 E P is divided into four congruent dyadic squares of half the sidelength, called 
the children of S. Conversely, each square in T> has a unique parent in T>. Given any two 
dyadic squares, either one is contained in the other or they are almost disjoint, by which 
we mean that their intersection has Lebesgue measure zero. 

As in [ 6 ] , we collect the squares into units called trees. A finite collection T ^ P is called 
a tree if there exists a square Rj- E T called the root, satisfying S C Rj- for every S gT. A 
tree is called eonvex if for all Si, S 2 , S 3 we have that Si C S 2 C S 3 and Si, S 3 gT imply 
S 2 gT. a leaf oi T is a dyadic square which is not contained in T, but its parent is. We 
denote the set of leaves of T by C{T). Note that the leaves of a convex tree partition its 
root. We split T into generations of squares of sidelength 2^. For this we denote 

Tk-.= Tr\'Dk and Tjf ■.= 'Dk\Tk. 

For the union of all squares in Tk we write 

Tk := U 

SeTk 

Observe that for a convex tree T we have Tk C Tk' if k < k', Tk' 7 ^ 0. The following lemma 
measures the ’’size” of the boundary of Tk- It estimates the cardinality of dyadic points 

A{Tk) := dTk n{ 2 ’^Z x 2 ^Z). 

This is a variant of Lemma 4.8 from [7]. 

Lemma 4. For any convex tree T we have 

Y,‘i^^*/A{rk) <\RtV 

fcez 

Proof. It suffices to prove the claim for all dyadic points {p, q) G dTk such that \p — 2^,p] x 
[q — 2^ ,q] ^Tk- For each such point consider the dyadic square 

S{p, q, k)-.= \p- 2\p - 2^-1] x[q-2\q- 2^-1] 

which has area 2‘^^^~^'>. We claim that squares of this form are pairwise almost disjoint. 
This will prove the lemma, as they are contained in 2>R']-. 

To see the claim, suppose that S{p,q,k) and S{p',q',k') intersect in a set of positive 
measure, li k = k', then they must coincide since they are dyadic and of the same scale. 
So suppose that k < k', hence S{p,q,k) is contained in S{p',q',k'). Then the point {p,q) 
is contained in the interior of \p' — 2^ ,p'\ x [q' — 2^ ,q'], which is disjoint from Tk'. This 
shows that {p,q) G Tk but {p,q) ^ Tk', contradicting convexity of T. □ 


With any collection of dyadic squares C Q V we associate a region in the upper half 
space . The region consists of Whitney boxes associated with S gC and is defined by 


nc:=\Jsx 

Sec 



The case C = T for a convex tree T is depicted in Figure [H Observe that Q-p = Uk^z^Tk ~ 

'SkezTk X [2^“^, 2*’]. 

Throughout the text, all two-dimensional functions will be measurable, bounded, with 
finite measure support and positive. Denote 

e{x,y) := (1 -h \ix,y)\‘^)~^. 
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Figure 1. Projection of VLq- on The bold lines represent S x ^{S) for 
S gT, while the dotted lines correspond to S' E C,{T). 

For a function F on and C FT) we define 

M(F,C):= sup (F 2 *[ 0 ],(p,g))V 2 . 

{p,q,t)&flc 

Denote also 

i?(x) := (1 + \x\)~'^. 

Now we consider a continuous variant of the Gowers box inner product used in [ 6 ]. The 
following estimate joins a version of the box Cauchy-Schwarz inequality and an estimate of 
the Gowers box norm by an L^-type average. This is the reason for the restricted range of 
exponents in Theorem [TJ 

Lemma 5. For {p, q, t) E we have 

4 

F*[-!9(8)i?(8)-d(8) q,p, 9 ) < M{Fj,C)- ( 2 . 1 ) 

i=i 

Proof. Denote the left-hand side of (12.ip by F 2 , F^, F 4 ) and rewrite it as 

[ ( [ F'i{x,y)F 2 {x',y)['i!)]t{q-y)dy)( [ Fsix',y')F 4 {x,y')['&]t{q - y')dy') 

['d]t{p — x)['d]t{p — x')dxdx' (2.2) 

Now we apply the Gauchy-Schwarz inequality with respect to ['d]t{p — x)dx, ['d]t{p — x')dx', 
which bounds this term by 

F 2 , F 2 , Fi) F 3 , Fg, F4)1/2. 

By symmetry in (p, q) it follows that 

AiP,<F) (Fi, F 2 , F 2 , Fi) < (Fi, Fi, Fi, Fi) V2^(P,9,t) , F 2 , F 2 , F 2 ) . 

Now we write Fj, Fj, Fj) in the same way as in (j2.2n and apply the Gauchy- 

Schwarz inequality with respect to dy, dy'. This yields 

A^P’^’^\F„F„Fj,Fj) < (F/ * [d®J)]t{p,q))^ < (F/ * [9]t{p,q)f, 

which proves the claim. □ 
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With functions (pj E L^(M), j = 1,2, 3,4, and C C T) we associate the local form 

/* dt 

:= / F*[4>i^4)2^(j)3^4>4tiP,Q,P,Q)dpdq—. 

JUc ^ 

To shorten the notation we write 0^ < := 0? j. j. j. ■ 

01,03 01,03,01,03 

The following two complementary lemmas will be used to control error and boundary 
terms in Proposition [51 

Lemma 6. For a convex tree T we have 

4 

J; 0 J'^,,,(Fi 1 t=,F 2 ,F 3 ,F 4 ) < |i?rl ( 2 - 3 ) 

kez j=i 

Observe that by symmetry of (I2.3p . the same result holds under any permutation of the 
arguments Fi 1 t= , T 2 , F 3 , T 4 . 


Proof. For k £ Z, and t £ [2^ ^, 2^] we consider 


[ [ F{FilT^,F 2 ,F 3 ,F 4 ){x,y,x',y')['d^'d^'&^'i!)]t{p- x,q-y,p- x',q-y') 

Jn 

•d (g) 'd{t~^{p — x,q — y))'d (g) 'd{t~^{p — x',q — y'))dxdydx'dy'dpdq. (2.4) 

Note that (12.3|] is obtained by integrating this term in t E [2^“^,2^] and summing over 
k £ Z. We claim that for (x, y) £ and {p, q) £ there is a point (a, b) contained in 


B{p, q) := {{p', q') £ dTk : p' = p or q' = q}VJ A(Tk) 


(2.5) 


such that \{p,q) - {x,y)\ >\{p, q) - {a, b)\. 

This can be seen as follows. By E we denote the intersection of and the line segment 
between {p,q) and {x,y). If E contains dyadic points from A{Tk), we may set {a,b) to be 
any of these points. Otherwise, E must contain a point of the form (p', q' + a) or (p' + a, q') 
for some p',q' £ 2 ^Z, a £ ( 0 , 2 ^). Assume it contains at least one of the form {p',q' + a). 
For definiteness pick the one with the the least distance to (p, q). In case q' < q < q' + 2^ we 
know that (p', q) £ dT^ and we set (a, b) = (p', q). If q < q', we set (a, b) = (p', q') £ A{Tk). 
In case q > g' + 2^ we choose (p', q' + 2 ^) £ A(7fc). Analogously we proceed in the remaining 
case, that is, if E consists only of points (p' + a, q'). 

Since id ® i} < 6 and 6 is radially decreasing, we have for (p, q), (x, y), (a, b) as above 

'd'S i' d{t~^{p — x,q — y)) < 9{t~^{p — a,q — b)) < ^ 9{t~^{p — a,q — b)). 

{a,b)€B{p,q) 


Estimating id S id{t ^{p — x',q — y')) < 1, the term ()2.4p is bounded by 



lT^,E 2 ,E 3 ,Fi)*[dS'dSdS'&\t{p,q,p,q) ^ 0 {t ^{p 

{a,b)€B{p,q) 


a,q — b))dpdq. 


Applying Lemma O the last display is no greater than 


4 


[M{F,lT^,Tk)llM{F„ 

i =2 



^ e{t ^{p - a,q -b))dpdq. 

{a,b)€B{p,q) 
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Observe that by homogeneity of the inequality (j2.8p we may assume M(Fj , T) = 1 for all 
j. Due to this fact and by symmetry in p,q, it suffices to further estimate 


Q&Ik ^ a:{a}xQCdTk' 


6 {t ^{p — a, 0 ))dpdq + ^ / 9{t ^{p — a,q — b))dpdq. 

{a,b)&A{Tk) 


Integrating the function 9, the last display is estimated by a constant times 

V [ t#{a:{a}xQCdTk} + t^#AiTk)<2^’^#AiTk). 

/tF Jo 


QGTfe 


Therefore, up to a constant, (12.31) is bounded by 


I <Y,2^’^#A{Tk) <\nr\, 

which is the desired result in view of the normalization M{Fj,F) = 1. The last inequality 
follows from Lemma 01 □ 


Lemma 7. For a convex tree F we have 

4 

J;05,,,(Ti1t„T21t„T3%,T41tJ < \Rt\\{M{F,,T). (2.6) 

/c€Z j=\ 

Proof. Proceeding in the exact same way as in the proof of Lemma [6] we see that the 
left-hand side of ()2.6p is bounded by 

4 » 

'^['[lM{FjlT^,Tk)^ I 9{t-^{p-a,q-b))dpdq 

keZ j=l Tc {a,b}eB{p,q) 

4 

fcez j=i 

where B{p,q) is defined as in (|2.5p . We claim that for each j we have 

M{F,1t„%^)<M{Fj,T). 

Together with an application of Lemma 0] this will finish the proof. 

The claim can be rephrased as follows: for each (p, q) G we have 

{F^lT,*[9Up,q))^/^<M{F^,T). 

First we set {p, q) = 0 without loss of generality. Also, we may assume that T^. is contained 
in the quadrant {{p,q) ■ p > 0, q > 0}, as otherwise we restrict Tj~ to each of the four 
quadrants and all parts are treated in the same way. Denote 

r := min I (a, 6)1. 

{a,b)^dTk 

Take any point (a, 6 ) which minimizes the distance and consider the closed cone C in 
with vertex 0 and aperture 'k/2 , its axis being the line spanned by (a, 6). Observe that each 
(x, y) G TfcnC satisfies |(x, y)\ > |(x, y) — (a, 6 )| and thus 9{x, y) < 9{x — a,y — b). If Tfc\C' / 
0, then we iterate with replaced by \ C. We find a point (o', b') G dF n d{Tk \ C) 
and a cone C such that for each (x,y) G (T^ \ C) n C' we have |(x,y)| > \{x,y) — (a', 6 ')| 
and so 9{x, y) < 9{x — a',y — b'). Since C U C covers T^, for each (x, y) G we have 

9{x, y) < 9{a — x,b — y) + 9{a' — x,b' — y). 


POLONA DURCIK 


Therefore, 

^ ( sup F^It^ * [e]tia, 6))^/^ < sup (if * [e]tia, 6))^/^ 

(a,6,t)En7'^ {a,b,t)GQq- 

as desired. 


□ 


For a function / E 5(M) we consider the Schwartz seminorm 

ll/ll := sup (1 + \x\f\f{x)\ + (1 + |x|)^|/'(x)|. 

Now we are ready to state the estimate which will take the place of the telescoping identities 
used in [6], [3]. 

Proposition 8. Let {pi,ai) he two pairs of real-valued Schwartz functions which satisfy 

-tdt\pi{tT)\^ = (2.7) 

Then we have for any convex tree T 

4 

i=i 

«;here c = llpifllasf + llaif ||p2|P + llpilP ||p2|P ^ 

Proof. By homogeneity of (12.8p we may assume M{Fj,F) = 1 for all j. By scaling invari¬ 
ance we may suppose |i?7-| = 1. Thus, we are set to establish 

0j,,fFi,F2,T3,i"4) + 0j;,p,(i"i,i"2,i"3,i"4)Sl- (2.9) 

Denote T '.= pi ® p 2 ® pi ® P 2 - By the fundamental theorem of calculus we have 

/■2'' dt 

[T]2 .-i - [T] 2. = / i-tdtmt)-- (2.10) 

We convolve the equality (12.101) with F and evaluate the convolution at {p,q,p,q). Then 
we integrate in (p, q) over Tj. and sum over /c E Z. Writing as the almost disjoint union 
of 5 E 7fc, the left-hand side of (|2.10p becomes 

i-EE( E // * [^]£(S') (p, F P, q)dpdq - F* [T]^(5) (p, q, p, q)dpdq^ 

k&S&Tk S'child of 5 ^ 

Since T is convex, each square S G T \ {Rt} ha-s all four children 5' in T U C{T). Thus, 
the last display is a telescoping sum which equals 

V F* [T]£( 5 ) (p, q, p, q)dpdq - F* [^]e{Rr) {p, q, P, q)dpdq. 

S£C{T) 

We bound ITI <c (g) (g) (g) and apply Lemma [H This yields 

1^1 s( E | 5 | + i)<i. 

Se£(r) 

The last estimate follows since the leaves of T partition the root R-p. 

Now we consider the right-hand side of p2.inp . which after convolving it with F, inte¬ 
grating over Tfc and summing in A: E Z results in 

.R:=y'/ / F{iFj)jej) * {-tdt[^]t){p,q,p,q)dpdq—, 
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the functions Fj are supported on T^. For j G J we write Fj = Fjlx^ + Fjlx^. Then 


where J := {1,2, 3,4}. First we show that up to a controllable error, we may suppose that 

For j G J we 

R = M + E, 

dt 


where the main term is defined as 


k&I, ^ 

and the error term equals 




* {-tdt[^\t){p,q,P,q)dpdq- 


t 


E := 


Y! / ^iiP'Ax^,k)3(ij)*i-^dtmt){p,q,P,q)dpdq 


{{Xj^k)k€z)jej ' 


dt 

T’ 


where the outer summation is over G {T, T'^}^ \ {(T, T, T, T)} for T := 

{Tk)kGL, ■= {Tk)keZ- 

To treat E we expand —[Tjj = —tdt{[pi]t < 8 ) [p2]t ® [pi]t ® [P2]t) and use the chain rule, 
which results in four terms. By symmetry we consider only —tdt{[pi]t) < 8 * [p2]t ® [pi]t < 8 ) [p2]t, 
on which we use the identity 




lx , (X 

+ tFUT 


( 2 . 11 ) 


and bound the right-hand side of (|2.1ip by <c This gives |t9i[T]t| <c 019^(8)1?^® 
By Lemma [6] we then have |Fi| <c 1- 

To estimate M we expand the convolution and interchange the order of integration 
such that the integration in (p, q) becomes the innermost. For now we consider only this 
innermost integral, which we write in the form 


/Tk 


-tdt(([pi]t{p - x)[pi]t{p - x' 


t{q - y)[p2\t{q - y')))dpdq. 


Deriving the product of [pi]t{p —x)[pi]t{p —x') and [p 2 ]tiq — y)[p 2 ]t{q — y') yields two terms. 
Using Fubini and moving the derivative outside the integral we arrive at 

Y [ [pMp - x)[pi]t{p - x')dp) [ [p 2 ]t{q - y)[p 2 ]t{q - y')dq (2.12) 


Q&Xk 


+ Y / [P 2 ]t{q - y)[p 2 ]t{q - y')d(^, (2.13) 

PGX, JP ^ JPPP ^ 


where for a dyadic interval Q we denote Tg^i := {Jp-pxQ£tP and Tp ^2 is defined analogously. 
As both parts are treated in the same way, we further investigate only ()2.12p . 

The identity (j2.7ll implies 

-tdt / [pi]t{p - x)[pi]t{p - x')dp = / [aijtip - x)[ai]t{p - x')dp, 

Jr Jr 

which can be seen by an application of the inverse Fourier transform on p2.7p . Hence, 


- tdt 


[pi]tip - x)[pi]tip - x')dp = / [ai]tip - x)[ai]tip - x')dp + bi 


'Q,i 


'Q.i 


where bi is the boundary portion 


61 := 


Wijtip - x)[ai]t{p - x')dp -h tdt 


[Pi]t{p - x)[pi]t{p - x')dp. 
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Therefore we have 

M (2.14) 


fcez 


where the boundary term Bi emerges from bi and equals 


^■-EL.E 



F{{FjlT,,)j&j){x,y,x\y') 


kez ^ QeXfe ''Q 

t{p - x)[ai]t{p - x')) + tdt{[pi]t{p - x)[pi]t{p - a:')) [p 2 ]t{q - x)[p 2 ]t{q - x') 


dxdydx' dy' dpdq 


dt 

t 


The boundary term B 2 arises from the treatment of (j2.13j) and is analogous to Bi with 
(<xi,/02) replaced by (/Oi,(T 2). For we derive by t using (12.lip and dominate the 

resulting functions by <c Note that 

1^1 + ^2! s E < 1, 

fcez 

where the last inequality follows by Lemma [7l 

Summarizing, since L = R = M + E, using (|2.14l) yields the identity 

L={T.®llpAiFAn)j^j) + ®Jt.AiFAn)jej^^ (2.15) 

k£Z 

Proposition [8] now follows by writing 

0l,«((r,),£.,) + 0l.,„((Fj),£,) 

in the form 

E ®^^P2i(FAn)JSJ) + 


+ E E ^'ptcT2(.iFj'i-Xi,k)j&j) + ^a^,P2(.iFjlXi,k)j&j), 

{{^j,k)kez)jeJ 

where in the second line, the outer sum runs over ((Xj j G {T, T'^j^ \ {(T, T, T, T)} 

for T as above. Using ()2.15p together with 

\L-B 1 -B 2 - E\ S 1 

and evoking Lemma [6] two more times finally yields (12.9h . □ 

3. Tree estimate 

In this section we derive an estimate for a quadrisublinear variant of restricted to 
Vlj- for a convex tree T. This form is given by 

jQr * 

It can also be recognized as a quadrisublinear version of 0^) ^(„) ^(-u) ^(-v) ■ 

Proposition 9. IFe have the estimate 


0E(i"i, F3, F4) < \Rt\ n Ar(T,-, T). 

i=i 


(3.1) 
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The proof of Proposition [9] proceeds in a very similar way as the proof of the L*^ bound 
Besides replacing [3l Lemma 3] with Proposition [HI the only modification is the 
choice of a faster decaying superposition of the Gaussian exponential functions (j3.2p . For 
completeness we summarize all steps of the proof, interested readers are referred to [3]. 

Proof. By homogeneity and scale-invariance we may suppose M(Fj,T) = 1 and \Rt\ = 1- 
First we expand the left-hand side of (|3.1I1 and use the triangle inequality to arrive at 


/ /- 

J t/ 


Fi{x,y)F2{x ,y)[fj^''\{q-y)dy / F3(x',y')F4(x, ''\{(l-y)dy' 

[ Jr 

- x)[\(p^~'^'^\]t{p - x')dxdx'dpdq^ 


By an application of the Cauchy-Schwarz inequality, this is bounded by 


0 


')/>('"),|99(-'“)|,i/ii”) ('^1’*^2) ^2, Fi) ! (F4, F3, F3, F4) ^ . 


As both terms are treated analogously, we consider the first one only. We shall now apply 
the telescoping identity, for which we dominate with a superposition of Gaussians. 

Denote the L^-normalized Gaussian exponential function rescaled by a > 0 by 


yofx) := 






(3.2) 


Gonsider the superposition of the functions given by 

/■°° 1 (tlF 1 1 

$(x) := / -^e UJ da = —= -^ga{x)da. 

V'x Ji a 

For large x we have <h(x) ~ which can be seen by the change of variables a' = (x/a)^ 

and by inductive integration by parts. The power of a is now larger as in [3], as due to 
Proposition [8] we need control over higher Schwartz seminorms of ga- 

Since G 5(M^), we can bound it by times a positive constant, which is uniform 

in u. By positivity of 

= / / (/ Pi{x,y)F2{x',y)[i^^%{q-y)dy^ 


\]t{p - x) \]t{p - x')dxdx'dpdq^, 


we can estimate this term up to a constant by 




We split the integration into the regions a > (5 and a < (5. By symmetry it suffices to 
estimate the region a > (3 only, on which < aga for a,/? > 1. This leaves us with 

da 


POO 

I el_^„>iP.F2,F2,F,) 


a 


19 ■ 


Now we are ready to apply Proposition|8]with (pi, cti) = {ga, ha) and (pi, (T2) = {(f, 
where ha{x) := a{gay{x) and 

00 \ 1/2 


<^(0 := 

which is a Schwartz function by our condition on if. Proposition [8] yields 

,(Fi,F2,T2,Fi) <-0F,4Ti,F2,F2,Fi)+C 




(3.3) 
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with c = IP + II^IPII^qIP + ll5a|Pll0|P ^ Thus it remains to estimate the 

form on the right-hand side of (j3.3p . 

In the second iteration of the procedure we bound |0T^ F2, T2, Fi)| by 


[ [ [ Fi{x,y)Fi{x,y')[ha]tip - x)dx [ F 2 {x',y')F 2 {x',y)[ha]t{p - x')dx' 

J Vt'f "/M "/M 

[\4>\]t{q - y)[\4>\]tiq - y')dydy'dpdq^. 

Again we apply the Cauchy-Schwarz inequality and arrive to 

Dominating the rapidly decaying |iji| by a positive constant times d> gives 


©r 

»to 


/ oo poo 


dj d5 


As before, by symmetry this reduces to having to estimate 




Now we apply Proposition [8] to the pairs {pi,ai) = {ga,ha) and {p 2 ,(^ 2 ) = {9'y,h^), giving 

with c = 115011^11/1711^ + ||57lPl|/io|P + Il5a|p||57lp ^ Finally observe that 

0^^,,^(Fi,Fi,Fi,Fi)>O, 

which can be seen by writing it as an integral of a square multiplied with pa > 0. Thus, 

0i;,,^(Fi,Fi,Fi,Fi)<l. 


This concludes the proof in view of our normalization. 


□ 


4. Completing the proof of Theorem [3] 

Now we are ready to establish the restricted type estimate from Theorem [3l We adapt 
the approach of [lO] and also rely on [9]. 

Proof of Theorem\^ First note that by quadrilinearity of A^^ it suffices to prove the the¬ 
orem for positive functions Fj, as otherwise we split them into real and imaginary, positive 
and negative parts. 

For j = 1,2,3,4 let aj be such that —1/2 < aj < 1/2 and ai -t- 0:2 + as + a4 = 1. 
For each j let Ej C be measurable. Without loss of generality we may assume |Fi| is 
maximal among the |Fj|. Note that for a = 2^ we have the scaling identity 

A^^^(Fi, F2, Fs, F4) = a^A^!;{Fi{a-),F2{a-),F3{a-),F^{a-)). 

Since our bound will be independent of N, by Ylj “j = 1 we may then suppose 1 < |Fi| < 4. 
All squares which we consider in this section are assumed to have their side-lengths in the 
interval [2“^,2'^]. 

For F on R^ we denote the quadratic Hardy-Littlewood maximal function by 
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where the supremum is taken over all (not necessarily dyadic) squares in with sides 
parallel to the coordinate axes. From now on, by the word ’’average” we will always mean 
the second power average as in the definition of Ai{F). Define the exceptional set 

4 

H -.= [j{M{\E,\-^/HE,) > 2^^]. 
i=i 


By the Hardy-Littlewood maximal theorem we have \H\ < 1/18. Let TZ be the set of all 
dyadic squares R C H which are maximal with respect to set inclusion. Denote by 3R 
the square with the same center as R but with three times the sidelength of R. We set 
E[ := El \ Ur^tz^R. Then 2\E[\ > |i?i|. 

Suppose we are given four functions Ej with \Fj\ < Irj for all j and |Fi| < 1^/. Since 
Uj < 1/2 and |Fli| <4, it suffices to prove 

|A^^(Fi,F2,F3,F4)| < 

If we set Gj := \Ej\~^/'^Fj, then the inequality we need to establish reads 

|A^^(Gi,G2,G3,G4)|<1. 

Observe that ||Gj ||l 2 (]r 2) < 1 for all j. 

We split X [2“^,2^] into the regions = 5 x [i{S)/2,£{S)], 5 G P, and consider 
the cases S F Ff and S % H. By the triangle inequality we estimate 

SQH SgH 


First we consider the sum over S % H. For € Z let Sk be the set of all dyadic squares 
S for which 


2^ ^ < max sup 
ie{l,2,3,4} s'^s 




< 2^. 


The supremum is taken over all (not necessarily dyadic) squares S'' D S in with sides 
parallel to the coordinate axes. Denote by TZ^ the collection of the maximal squares in 
with respect to set inclusion. For R G TZk we define 


Th := {S G Sfc : S C R}, 


which is a convex tree with the root R. Convexity follows from monotonicity of the supre¬ 
mum. By construction, \i S ^ H, for each j the average of \Ej\~^/'^\Ej over S is no greater 
than 2^*^. Thus, the same holds for the average of Gj over S. Therefore, 

{S-.S<IH]F IJ Sfc 
fe<10 


and we can split the summation as 

ECsE E E§S = E E§1 l 

S^H kKlO RG'JZk SgTr k<10 RGRk 

For the forms on the right-hand side we have by Proposition [9] that 

4 

el%{Gi,G2,G3,G,)<\R\llMiGj,TR). 

1=1 


(4.1) 
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To estimate the right-hand side of m we discretize the function 0 by a standard 
approximation with characteristic functions of balls of radius at least 1. We now sketch 
the required argument. Denote by Br the ball of radius r centered at 0 in We write 

Cj * [9]t = G] * + G‘j * [6lB^]t- 


Let {p,q,t) £ S X [i{S)/2, i{S)] C and assume {p,q) = 0. On Bi we have 




1 


|L°° 


{ 2 tr 


/ < 

^-{2i{s)y 


i 


-eiS)AS)? 


Gj < 2 


2 k 


(4.2) 


For the part on B^ we consider the function OXb^ A It dominates is positive 

and radially decreasing. Therefore it can be approximated pointwise by a monotonously 
increasing sequence of simple functions of the form 


n 

^ , ri>l,ai> 0. 

i=l 


For E we have, using t ~ (-{S), that 


G)*[E]m<Y,ai\Br, 

i=l 


{ril{S)Y J[-ril{S),rd{S)\^ 


Gj < ||6'||li(r2)2 


2k 


This implies the estimate 

[01sf]i(O) < 2^^ 


(4.3) 


By a translation argument, the same bound holds at any {p,q,t) £ ^Tr- Therefore, by 
(14.2p and (14.3p . we have M{Gj,TR) < 2^ for each j and hence 

E &i%iGi,G2,Gs,G,) < E 2'' E 1^1- (4.4) 

SgH k<10 R&Uk 


It remains to sum up the right-hand side of the last display. Since for R E TZ^ there is 
an index j such that on R we have M{Gj) > 2^~^, by maximality of the squares in TZf. 


E i«i 

R&Tlk 


U « 

RGTlk 


i=i 


By the Hardy-Littlewood maximal theorem and ||Gj||L2(R2) < 1, for each j we have 
\{M{Gj) > 2*^“^}| < 2 ~‘^^. Thus, (14.411 is up to a constant dominated by 


E ^ 1- 

fc<10 


This establishes the desired estimate for S % H. 

Now consider the sum over all dyadic squares S contained in H. Every S' C Lf is 
contained in one maximal dyadic square R £ TZ. Let be the set of dyadic squares S 
which are k generations below R £TZ. That is, 2^£{S) = i{R). We split 

E§1^=EE E 

S^H fc>0 SGS^^k 
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For S G we expand G2, G3, G4) and estimate ^ to arrive at 

/■£(S) r- r- 

/ / / F{Gi,G 2 ,G:i,G 4 ){x,y,x' ,y')[{}®d®^®d]t{p - x,q-y,p- x\q-y') 

Je{s )/2 Js Jr* 

— x,q — y)) dxdydx'dy'dpdq^. (4.5) 

Since Gi is supported on the complement of 3ii, we have I (p, g)—(x, y) I > i{R) ioi {p^q) € S. 
We also have ^{R) = 2^^{S) ~ 2^t, therefore 9'^{p — x, q — y)) < 2~^^. Applying Lemma 
[SI the term ()4.5p is then up to a constant dominated by 

4 

j=i 

Denote by R' the parent of R. For each j we have 

M{G„{S})<2’^M{Gj,{R’})<2\ 

The last inequality follows by the same approximation argument as before and using that 
the averages of Gj over squares containing R' are less than 2^^, which is true by maximality 
of R. This establishes 

EeS(Gi.G2,G3,G.)< E 2-"|S|. 

S^H R^'R, k^O S^Sji^k 

Since YlseSuk display is estimated by 

ReTZ k>0 

For the second to last inequality we summed the geometric series and used disjointness of 
R ^TZ. In the last step we used |Ff| < 1/2. □ 
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